The two-electron problem for the helium-like atom/ions in S-state is considered. The basis containing the integer powers of ln r, where r is a radial variable of the Fock expansion, is studied.
I. INTRODUCTION
The two-electron atom/ions present an opportune system both for studying a number of photoelectron and other atomic processes, and for testing the new quantum calculational approaches. The proper variational calculations using conventional expansions containing exponential and polynomial functions of the interparticle distances r 1 , r 2 and r 12 have been studied since the classic work of Hylleraas [1] . However, a few years later, Bartlett et al [2] have shown that these analytic expansions of the wave function Ψ cannot satisfy the Schrödinger equation for the helium-like system. Bartlett [3] then showed that the expansion about origin can be formally presented as Ψ = ∞ k=0 C k (r 1 , r 2 , r 12 )(ln r) k , with r = r 2 1 + r 2 2 . Fock [4] proposed that, in the neighbourhood of r = 0, the exact eigenfunctions have the 
where α = 2 arctan (r 2 /r 1 ) and θ = arccos [(r The electron structure studies incorporating ln(r 1 + r 2 ) that is closely related to ln r, have been then presented by Hylleraas abd Midtdal [5] , Frankowski and Pekeris [6] , and Freund et al [7] . The exact form of the Fock expansion truncated to 32 (and/or 52) terms, have been studied by Ermolaev and Sochilin [8] . Abbott, Gottschalk and Maslen [9] have presented a comprehensive analysis of techniques for solving the Fock expansion. Compact representation of helium wave function, that includes an explicit treatment of the Fock expansion supplemented with the Laguerre functions basis, has been discussed by Forrey [10] (see also references therein).
We have shortly presented the basic works that treated the Fock logarithmic terms for the electron structure calculations of the two-electron atoms. Only a few of them (in fact [8] and [10] ) used the basis containing ln r, what is the necessary condition (according to the Fock expansion (1)) for obtaining the two-electron wave function with correct behavior near the point r = 0. The latter presents, so called, triple coalescence point playing an important role in many physical processes treated by the atomic and related fields of physics (see, e.g., [11, 12] ).
The vast majority of authors (see, [13] and references therein) avoid to use basis con-taining ln r, or at best they substituted it by ln(r 1 + r 2 ). The reason is the calculational/computational difficulties in the absence of a significant gain in accuracy of the resulting energy values.
Given the mentioned above importance of accurate calculation of the two-electron wave function in the vicinity of the triple-coalescence point, we present here the analytic expressions for the matrix elements of the proper Hamiltonian, for the case of the basis containing r, ln r and their integer powers.
II. MATRIX ELEMENTS OF THE HAMILTONIAN
We will operate with the coordinates system, first introduced by Hylleraas:
where δ is variational parameter. The volume element for the coordinates system (2) is:
The atomic units is used throughout the paper. The kinetic energy operator −∇ 2 /2 for the S-state two-electron problem with infinite nucleus mass has the following form in the {s, t, u} coordinates (see, e.g., [9] ):
The Hamiltonian H = −∇ 2 /2 + U includes the Coulomb potential
where Z is a nucleus charge.
In accordance with what was stated in Introduction, for singlet S-states we select the basis functions of the form:
where n, l, m, i, j are integers, and r = (s 2 + t 2 )/2. Index i can take the values −1, 0, 1.
This basis is very close to the Frankowski basis [6] , but with replacing ln s by ln r, and considering the additional values i = −1 (with j = 0), that is needed to take into consideration (at least) the term u 3 /r of the Fock expansion (see, e.g., [6] ).
Our aim is to solve the Schrödinger equation
where
is the two-electron atomic wave function. The approximate value of the total energy E, as well as the expansion coefficients, C(n, l, m, i, j) can be found as solution of the generalized eigenvalue equation
where K and U are the matrix representations of the operators −∇ 2 /2δ 2 and U/δ, respectively, for the basis (6) and the coordinates system (2). Here C presents eigenvector corresponding to the eigenvalue E of the matrix equatian (9), whereas S is the overlap matrix for the basis (6).
Using Eq.(3), one obtains for the entries of the overlap matrix:
We introduced the following notation:
Using Eq.(5) for the Coulomb potential, one can express the entries of the U-matrix in terms of the integrals (12), as follows:
We will consider the basis functions (6) with the maximum power of ln r equals 2, that is j = 0, 1, 2. In accordance with the latter, in order to express the entries of the K-matrix in terms of the integrals (12) , it is convenient to split this entries into groups
We restrict ourselves to the cases i = 0, 1; j = 0, 1, 2, and the additional case i = −1, j = 0.
Then, introducing notation
and using Eq. (4) and definition (12) one obtains:
The coefficients b 0,0 , α 0,0 , β 0,0 , γ 0,0 and b 1,0 , α 1,0 , β 1,0 , γ 1,0 can be found in Table I .
III. ANALYTIC EXPRESSIONS FOR THE BASIC INTEGRALS.
Our objective is to derive analytical expressions for the basic integral (12) . To this end, first of all, changing the order of integration one obtains:
where µ ≥ 0 is integer, and
with integer p ≥ 0.
First, let us consider the simplest case of  = 0 (without logarithm). For this case, integral (24) can be presented in the form
where the factor
includes the Gauss hypergeometric function 2 F 1 (a, b; c; z). Inserting representation (25) into Eq.(23), and performing a trivial integration, one obtains:
To treat the integral (23) with integer  > 0, let us start with changing variables, x = (s 2 + t 2 ) /2 in the integral (24), what yields:
A. Odd powers p
First, let us consider the case of odd p = 2q + 1 (q = 0, 1, 2, ...). One obtains:
with
It is clear that 
where Γ(a, z) is the incomplete gamma function. It was examined numerically, that representation (31) is valid (at least) for integer  ≥ 0, real s > 0, and real κ, excluding only κ = −1. Using the well-known relation
for integer  ≥ 0, one obtains instead of (31):
where after some transforms and simplifications one obtains the following two equivalent representations for the coefficients:
The same result could be certainly obtained by using relation (1.6.1.6) [15] .
Substituting the latter result into Eq.(29), one obtains:
For the case of κ = −1, (see, (1.6.1.7) [15] ) integral (30) reads
Integral (37) is included into the right-hand side of Eq.(29) only for ı = −2, whence:
Thus, for this case we obtain the same representation (35) (for ı = −2), but with coefficient:
The incomplete gamma functions included into Eqs.(36), (39), if necessary, can be expressed in form (32).
B. Even powers p
It is clear that for even p = 2q integral (28) can be presented in the form:
is the indefinite integral pertaining to the case.
Using a variety tools of Mathematica-9, we have derived the following representation for the more general indefinite integral:
where n F m (a 1 , ..., a n ; b 1 , ..., b m ; z) is generalized hypergeometric function. It is seen, that formula (42) cannot be applied for µ = 0. In this specific case, one obtains:
Notice that we could not find representations (42), (43) in scientific literature.
It is clear that Eq.(43) cannot be applied for integer λ ≥ 0. In this case, one should make use the binomial expansion and then to apply formula (1.6.1.6-7) from handbook [15] . For the considered integral (28) this case was treated in the previous section.
Using Eq.(42), one can present integral (40) in the form:
where the coefficients
are correct for 0 ≤ n ≤  − 1. For n =  we get:
where, using, e.g., (7.3.1.28) [16] , one can write down:
Here Γ(z) is the Euler gamma function, and B z (b, a) is the incomplete beta function. The last expression can be simplified and presented as a linear combination of rational numbers, √ 2 and arccos( √ 2). In particular, one obtains
for even ı, and
for odd values of ı.
It is seen, that expression (45) is not correct for ı = −2. This specific case corresponds to µ = 0 in Eq.(42). Therefore, in this case we used Eq.(43) in order to present integral (40) in the same form (44), but with coefficients
that are correct for 0 ≤ n ≤  − 1. For n = , one can use representation (46), but with
which, in its turn, can be expressed in terms of rational numbers by using the relation:
, f or even q
, f or odd q.
Notice that it is possible to apply formula (7.10.2.6) [16] , in order to express the generalized hypergeometric function with an argument of unity (see, Eqs. (45), (50)) through the Euler gamma function, Γ(z) and its derivatives. However, we believe that the following
given in [17] (see, also references therein), is the most simple and effective. Here, 
.., x n−k+1 ) presents a sum of the partial Bell polynomials Y n,k . The first few complete Bell polynomials are:
case one obtains:
with ψ(1) = −γ, where γ is Euler's constant, and ζ(z) is the Riemann zeta function.
In accordance with Eq.(45), one should consider the case of a = ı/2 + 1, b = 1/2 − q. For this case one obtains:
where, one should put
for odd values of ı, and
putting q = 0 in Eq.(56).
C. Final derivation
Thus, Eqs.(25), (35) and (44) enable us to present integrals (24) in the form
where C-coefficients can be expressed through A-coefficients for even p, and through Bcoefficients for odd p. Inserting representation (59) into Eq.(23), one obtains:
where (see, (2.6.21.1) [15] )
The most convenient and effective to express the integral (61) through the complete Bell polynomials, what gives:
In the trivial case of n = 0, one should simply set Y 0 = 1 .
Thus, for integer α, one finally obtains instead of (60):
Notice that for integer argument, the following expression holds:
IV. NUMERICAL RESULTS AND CONCLUSIONS
In this section we present the results of testing the basis (6) containing ln j r with j = 0, 1, 2. Notice that in the simplest case one can use the individual (single) basis functions of the form (6) to solve the generalized eigenvalue equation (9) . However, it is more effective to make use of the composite basis including basis functions build in the form of linear combination of the individual ones. Therefore, we apply the composite basis function
that yields the exact leading terms of the Fock series expansion (1) for arbitrary variational parameter δ. In particular, using of the basis function (65) enables us to obtain the total two-electron wave function with the exact series expansion Ψ ≃ 1 + rψ 10 + r 2 ψ 21 ln r (see, e.g., [9] [10] [11] ). For the most correct approximation of the term r 2 ψ 20 of the Fock expansion (1), we used basis functions φ k = exp(−s/2)ω(s, t, u, r) with polynomial factor ω = sr, ur, su, s 2 , u 3 /r, t 2 , u 2 (see, e.g., [6, 8] ) for k = 2, ..., 8. To describe the term r 3 ψ 30 , the polynomials ω = sr 2 , ur 2 , s 2 u, s 3 , u 3 , t 2 r, r(r 2 − u 2 ) (see, e.g., [8] ) were used for k = 9, ..., 15.
And at last, we used the exact representation ω ≡ r 3 ψ 31 ln r = [6(Zs − u)(r 2 − u 2 ) − u 3 ] ln r, for k=16 [9] . This set of 16 composite basis functions was extended with the help of 196, 201 and 195 individual basis functions of the form (6) with n + 2l + m + i ≤ 6, for the atom of helium, ions of hydrogen and lithium, respectively. For selection of these functions we employed a scheme which is very closed to the one used by Frankowski [6] , when the negative values of n were admitted only for j = 0, and the other integer indexes were non-negative. It was emphasized in Introduction that, first of all, we are interested in obtaining the two-electron wave function with correct behavior near the triple-coalescence point. The simplest path to this point runs along the two-particle coalescence lines. Remind that there are two kinds of the two-particle coalescences in the two-electron atomic systems. Putting r 1 = r 12 = R (r 2 = 0) in the left-hand side of the Schrödinger equation (7) Fig.2 show a significant increase in the accuracy of the ground state wave function, calculated with using the LR-basis, near the origin R = 0 (triple-coalescence point) at the two-particle coalescence lines.
It is important that calculations of the Hamiltonian matrix elements according to the analytic formulas presented in the previous sections take not more than 1 minute on a PC with a "i7-3770K CPU@4.68 GHz" processor. We have in mind that all calculations were performed with the help of Mathematica codes. Note that all of the special functions, 
